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Abstract—This paper presents a time-dependent linear analysis on the onset of thermal instability of fully
developed laminar flow in the thermal entrance region of a horizontal parallel plate channel heated
asymmetrically ; where the lower plate, upper plate and inlet are subjected to three different constant
temperatures. The heating of the upper plate causes a thermal stratification, but the heating of the lower
plate introduces a thermal destabilization. With the three different inlet, upper plate and lower plate
temperatures, six heating configurations for the horizontal parallel plate channel are analysed and only
three representative unstable heating configurations are shown. A criterion /¢t = 0 with é/0x # 0 for the
determination of the critical condition marking the onset of longitudinal vortex rolls yields results that
agree well with the existing experimental data in comparison with the criterion ¢/0x = 0 used previously.
The critical Rayleigh numbers and the corresponding critical wave numbers for the three unstable heating
configurations with Pr = 0.7 and 7.0 are presented.

1. INTRODUCTION

It 1s wiLL known that buoyancy effects strongly in-
fluence the hydrodynamic and thermal developments
of horizontal laminar internal flows. The buoyancy
driven secondary flow can enhance the forced con-
vection heat transfer in compact heat exchangers,
flat plate solar collectors and in the cooling of elec-
tronic components. Since the thermal instability
will occur in the development region, the mixed con-
vection effect is also important in a horizontal chemi-
cal vapour deposition (CVD) reactor. The buoyancy
force on the laminar internal flow induces a secondary
flow which can reduce the thermal entry length,
enhance the heat transfer rate and promote an early
transition to turbulence. The thermal instability of
mixed convection in horizontal parallel plate channels
or rectangular ducts has been studied theoretically
and experimentally by many investigators.

Moriand Uchida [1] applied a linear stability analy-
sis to determine the onset of an infinitesimal dis-
turbance in the form of longitudinal vortex rolls for
fully developed laminar flow between parallel plates,
with the bottom and top surfaces heated and cooled,
respectively. The critical Rayleigh numbers cor-
responding to the onset of rolls of the first and the
second type were determined. Nakayama er al. [2]
studied the conditions marking the onset of longi-
tudinal vortices for fully developed laminar flow
between horizontal parallel plates with a non-linear
basic temperature profile.

+ Author to whom all correspondence should be addressed.

Using a linear stability theory, Hwang and Cheng
[3] determined the conditions marking the onset of
longitudinal vortex rolls in the thermal entrance
region of a horizontal parallel plate channel heated
from below. They found that for Pr > 0.7 the flow is
more stable in the thermal entrance region than that
in the fully developed region, but the situation is just
the opposite for small Prandtl numbers, say Pr < 0.2.
Cheng and Wu [4] studied the effect of axial heat
conduction on the onset of instability of a channel
flow. They found that the transverse vortex dis-
turbances were preferred over the longitudinal vortex
disturbances for Pe < 1 and Pr > | (low Re) in the
developing region upstream and downstream of the
thermal entrance. Mahaney et al. [S] employed a vec-
torized finite difference marching technique and cal-
culations were performed for water in the combined
entry region. They found that as Gr* increases, the
onset of instability is advanced and heat transfer
enhancement relative to the forced convection limit is
increased. The number of vortices increases with the
increasing Grashof number and aspect ratio.

Akiyama et al. [6] studied experimentally the onset
of longitudinal vortex rolls for the fully developed
laminar flow of air between two horizontal flat plates
subjected to a uniform axial wall temperature gradi-
ent. Ostrach and Kamotani [7] measured the heat
transfer rate for a fully developed forced convection
flow between two horizontal plates. Hwang and Liu
[8] studied the onset of longitudinal vortices due to
the buoyant force in the thermal entrance region of a
horizontal parallel plate channel heated from below
to verify the theoretical prediction [3]. They observed
that the critical Rayleigh number from flow visu-
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t dimensionless time

¢, T, T, perturbation, resultant and basic
temperatures

Toixs Toin  Maximum, minimum of basic
temperatures of inlet, lower plate and
upper plate

AT  characteristic temperature difference,
Tmax - Tmin

u, v, w dimensionless amplitude functions of
perturbation velocity in the x-, y- and
z-directions

u', v, w’  streamwise, normal and spanwise
perturbation velocities

i, £, w  dimensionless streamwise, normal
and spanwise perturbation velocities

U. V., W resultant streamwise, normal and
spanwise velocities

U,, U, streamwise basic and mean
velocities

x, v,z dimensioniess streamwise, normal

and spanwise coordinates, X{(Pe k), Y/h
and Z/h

NOMENCLATURE
u wave number of fongitudinal vortices, X, Y,Z streamwise, normal and spanwisc
2mhiA coordinates.
D dimensionless continuity equation
g gravitational acceleration
Gr  Grashof number, fgATh®/v?
h distance between two parallel plates Greek symbols . .
n number of time step B volumetric coefficient of thermal
NI, NJ number of grids in streamwise and cxpanston .
normal directions f dimensionless perturbation temperature
p’. P, P, perturbation, resultant and basic K thermal diffusivity of fluid
pressures A wavelength
Pe  Peclet number, U, h/x v kinematic viscosity of fluid
Pr Prandtl number, v/x P d.enmy of fluid
Ra  Rayleigh number, fgATh? vk * ume . : .
Re Reynolds number, U, A/v ¢ dimensionless basic streamwise velocity
) m

oy dimensionless basic temperature

o, o5, ¢f  dimensionless basic
temperatures at inlet, lower plate and
upper plate.

Subscripts
b basic flow quantity
c characteristic quantity
m mean flow.

Superscripts
§ perturbation quantity

dimensionless perturbation quantity

critical condition

initial state

r.m.s, value

inlet

lower plate

upper plate.

g

-

alization was 1.4-10 times higher than the theoretical
results [3]. Kamotani and co-workers [9, 10] per-
formed experiments for air flow in the thermal
entrance region of a horizontal parallel plate channel.
They determined the onset of thermal instability from
visualization of the secondary flow. Measurements of
Nusselt numbers and temperature distributions indi-
cated that the critical Rayleigh numbers agree reason-
ably with previous experiments [8]. Incropera ef al.
[11] detected the secondary flow by flow visnalization
and heat transfer measurement for water flow. They
found that the wavelength of the vortex decreases
continuously with increasing Grj. Maughan and
Incropera [12] studied the effect of surface heat flux
and channel orientation on the local Nusselt number.
The onset of instability was delayed by decreasing the
Grashof number and/or by increasing the Reynolds

number and inclination angle. Chiu and Rosenberger
[13] measured the onset point positions of instability
from the velocity profile by laser Doppler anemom-
etry.

Most of the previous studies examined the thermal
instability in parallel plate channels and rectangular
ducts with the thermal condition of heating from
below. There were some papers that dealt with the
effect of asymmetric heating on heat transfer. Osborne
and Incropera [14] performed an experiment to deter-
mine the hydrodynamic and thermal condition in
laminar water flow between horizontal parallel plates
with a uniform asymmetric heat flux. Flow visu-
alization and temperature measurements revealed the
existence of a buoyancy driven flow which strongly
influenced bottom plate conditions, but had a weak
influence on top plate conditions. Heat transfer at the
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top plate was dominated by forced convection, while
heat transfer at the bottom plate was characterized by
mixed convection. Incropera and Schutt [15] per-
formed a numerical investigation to determine the
nature and effect of thermally driven secondary flow
in a horizontal channel with heated top and bottom
surfaces and insulated side walls, with top-to-bottom
surface heat flux ratio (— 1.0 < ¢,/¢, < 5.0). Kurosaki
and Satoh [16] presented a numerical study con-
cerning the effects of non-uniform heating on the heat
transfer of a thermally undeveloped gas flow in a
horizontal rectangular duct; a vertical side wall is
uniformly heated and the other walls are insulated.
Mahaney et al. [17] evaluated the effects of buoyancy
on forced flow in a horizontal duct of aspect ratio
A =2 numerically. They considered eight distinct
heating conditions for which selective duct surfaces
are either adiabatic or uniformly heated, with identical
conditions applied to the side wall. It is obvious that
the effect of asymmetric heating on the thermal insta-
bility has received relatively less attention in spite of
its importance in practical application such as flat
plate solar collectors or heat exchangers. Further-
more, one notes that the study on the effects of heating
condition on the onset of instability in the thermal
entrance region has not been found in the literature.

The objective of this paper is to predict the effect of
asymmetric heating conditions on the onset of thermal
instability in the thermal entrance region of a parallel
plate channel. The lower plate, upper plate and inlet
are subjected to three different constant temperatures.
The heating of the upper plate causes a thermal strati-
fication, but the heating of the lower plate introduces a
thermal destabilization. With the three different inlet,
upper plate and lower plate temperatures, six heating
configurations for the horizontal parallel plate
channel are analysed and only three representative
unstable heating configurations are found. In this
paper a transient three-dimensional linear stability
theory is used to determine the onset of thermal insta-
bility. The perturbation modes are expressed as time-
dependent and functions of space variables X, ¥ and
Z. Therefore, normalized transient perturbation
equations in the normal and streamwise direction are
derived, and then solved to determine the neutral stab-
ility condition by the criterion d/d¢t = 0 with non-zero
streamwise derivatives.

2. THEORETICAL ANALYSIS

Consider a fully developed laminar flow of an
incompressible viscous fluid in the thermal entrance
region between horizontal parallel plates with gap 4,
where the lower platg and the upper plate are main-
tained at uniform temperatures T, and T, respec-
tively, for X > 0. The inlet fluid temperature is kept
at a constant temperature 7). The thermodynamic
properties of fluid are assumed constant and the
Boussinesq approximation is used. The physical
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configuration and coordinate system are shown in

Fig. 1.
The governing equations for the basic flow are
T,  (°T, &°T,
U"a_x_"(axz t oy M

Y YY

where U, is the mean velocity and ¢, a dimensionless
basic velocity function. By introducing dimensionless
variables x = X/(Pe h), y = Y/h, ¢y = (T, — Trin)/AT
and the parameter Pe = U_k/k, the following nor-
malized equation results:

¢?@—L%+§?§. 3

*éx  Pe? ox*  dy

The boundary conditions are

}y(x,0) = ¢y forx=0

Po(x, 1) = ¢fl!J

$o(0,3) = ¢y for0<y< 1.
$9(0,3) = df +¥(95 — b%) “)

3. PERTURBATION EQUATIONS

For forced convection flow in the thermal entrance
region, a non-linear basic temperature distribution
exists in the normal direction near the lower and upper
plates. The distribution becomes linear in the ther-
mally fully developed region. The perturbation quan-
tities are superimposed on the basic flow quantities as
follows

U= U(Y)+u'(X,Y,Z,1)
V=v'(X,Y,Z,1)

W=w(X,Y,Z,1)

P=PX.)+p (X, ¥, Z,7)
T=T/X,Y)+t{(X, Y, Z,1). %)

The above perturbation quantities are considered as
functions of the space variables X, Y and Z and
time variable r. By substituting the resultant velocities,
pressure and temperature (S5) into the conservation
equations for mass, momentum and energy, and sub-
tracting the basic flow equations, we have the fol-
lowing linearized perturbation equations:

é’u’+ é’v'+ 5w”_0 6
éx oy ez ©®
o’ ou ol 1dp 5,
(3;+Ub§/+v ﬁ—-—;ax-l—vV,u (N
ov’ o' 1 ép’ , ,
’5%“{' bﬁ=—;ﬁ+vV?v+ﬁgt (8)
aw’ ow’ I ép 2 .
“'5;4' hﬁ— —;(,/TZ‘—P-VV,W 9
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Fi6. 1. Physical configuration and coordinate system.
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st— 62 (’/}2 az
e tayrt ez

After introducing the following dimensionless vari-
ables and parameters :

X={[Pe hlx. Y=I[hly, Z=I[h],
u =[Unla, v =[Uyd, w =[U.w,
Uy = [Unlgus  To—Toin = [AT1dy, 1 = [ATIG,
=[], p=[pdp
where
AT = T = Tonins Lo = H2)y

p.=pvU,/h and Ra = BgATh [xv
the dimensionless perturbation equations become

1 oa a6 ow

Peaxtata=? (1

Gt s

Pr% ¢f—i+u‘0ﬁ” Pﬁ%:V%g (15)
where

[ 0° o?

st
ay* oz’

The perturbation modes are expressed as time-depen-
dent and functions of space variables. The following
disturbance forms for longitudinal vortex rolls are
chosen:

d(x,y,z, 1) = u(x, v, 1) - exp (iaz)
O(x, y,z, 1) = v(x, ¥, 1) ~exp (iaz)
w(x,y,z, 1) = wlx, y, t) *1-exp (1az)
plx,y,z,8) = p(x.y, 1) - exp (iaz)

G(x,y. 2. 1) = O(x, p, 1) exp (iaz) (16)
where g = 2nh// is the wave number of the longi-
tudinal vortices. The manipulation of a different form
of W from those of 4. &, p and 0 is based on the
consideration of the continuity equation. It should be
noted that these roll-type disturbances are taken to be
periodic in the z-direction, with u, v, w, p and 0 as
the amplitude functions depending on x, y and 1.
It is noted that in refs. [3, 4. 18, 19] a steady two-
dimensional disturbance f(y. 2y =f(y)exp (iaz) is
assumed and the neutrally stable condition at the
onset point is indicated by éf/dx = 0. A steady three-
dimensional perturbation f(x, y.z) = /())-exp (iaz)
with the assumption of a large Prandtl number is used
by Yoo er al. [20] for a mixed convection on an
isothermal horizontal plate. In the present study, the
perturbation functions are presumed as functions of
x, y, z and 1. The onset position of vortex instability
is characterized by 8f/ét = 0 with df/éx # 0 [21] which
is different from @f/ox = 0 for the two-dimensional
disturbances.
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After substituting the disturbance form (16) into
equations (11)—(15), one obtains the following equa-
tions in the x—y plane for the time-dependent ampli-
tude functions :

1 0u Ov
LT = 1
Pe 0x + dy aw =0 a7
ﬁu 1 Cu Pe cqﬁ 1 ép
o - F 1
Pr¥eox Pv Pe 0x (18)
a1 v op ,  Ra
o= — 2 =2 19
ﬁt+Pr “ox 8y+V ot Pea (19)
6w 1 ow )
= — 20
b = —ap VI (Q0)
"0 c0 od),, Oy
Peyp—~ =V? 2
+¢“€x 6x+ evay vV (21
where
Vo 1 2? he 5
Trelan Tar Y

The equation for the pressure amplitude function is
obtained after some manipulations and incorporating
the dimensionless equations (17)—(20)

vipo - D yvep- Ly P 2 W0 el
ar 6x Priox dy  Pedy
22
where
1 Cu + v
“Peax Ty M

It is noted that the present study utilizes the reduced
two-dimensional equations (18)—(22) instead of the
three-dimensional ones (11)-(15), and solves the
unabridged pressure equation (22) in comparison
with the simplified equations used for the deter-
mination of p in the SIMPLE and SIMPLER methods
[22]. In the present study, the assumption of a large
Peclet number is also used. It is easy to prove that a
set of governing perturbation equations without the
parameter Pe can be obtained from equations (17) to
(22) by transforming 0 = Pe-{, u = Pe*ii and keep-
ing the same v, w, ¢, p, and assuming 1/Pe*> — 0 for a
large Peclet number. Furthermore, a numerical exper-
iment was also carried out for the solution of a large
Peclet number ; for instance, Pe = 175 and 350 were
selected for computation and no appreciable differ-
ence was found.

The appropriate boundary conditions of the per-
turbations quantities are

u=v=w=0=0 aty=0and 1
u=v=w=0=10 atx =10
ou v Oow 080 Op
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and the initial conditions of the perturbation quan-
tities are

u=p=w=0-0"=p=0 atr=0 (24

where 6° is set as 1 x 107 '° in the present compu-

tation. It is noted that the pressure at the walls and
the inlet are not listed above. Following the procedure
in ref. [23] the boundary conditions for the pressure
equation (22) can be derived directly from the momen-
tum equations (18) and (19), which must be consistent
with the vanishing of the perturbation velocities # and
v at the walls and inlet.

It may be interesting to see the effect of Pe on the
onset of thermal instability. Therefore, the streamwise
convection and diffusion terms of the governing equa-
tions are not neglected in this study. The convection
terms with the coefficient 1/Pr also show that the
Prandtl number plays an important role on the onset
of thermal instability.

4. SOLUTION PROCEDURE

The numerical solution of the governing equations
is based on the Mark and Cell (MAC) scheme [23]
with a staggered grid system. The velocity amplitude
functions u, v are calculated at the points on the
surface of a control volume, while the velocity, press-
ure and temperature amplitude functions are solved
at the grid point in the control volume. Since the
streamwise convection terms in the governing equa-
tions are first-order derivatives with a factor of 1/Pr,
equations (18)—(20) will become stiff when the Prandtl
number is small, the power law scheme [22] is
employed for the inertia—viscous and conduction—
convection terms. Equation (22) is a Poisson equation
which can be solved by a successive over-relaxation
iteration method. The explicit forward time marching
is utilized to treat the time-dependent form.

It is seen in equation (19) that the buoyancy term
is a driving force which supplies the energy to increase
the perturbation velocity, and then the perturbation
temperature in equation (21) is promoted by the nor-
mal convection but suppressed by the streamwise con-
vection. In computation one can modify the Rayleigh
number at each time step by a linear extrapolation
according to the perturbation temperature amplitudes
at the two previous time steps on a specified stream-
wise position. This process is repeated until a mini-
mum value of the Rayleigh number is obtained.

The basic concept of this approach is that the
unstable region is located downstream of the onset
position of instability, and the perturbation quantities
in the unsteady linear perturbation equations can
grow endlessly as time increases. The stable region
is located upstream, and the initial perturbations
decrease continuously. Based on this concept an initial
uniform disturbed temperature 6° and an initial
guessed Rayleigh number Ra® are given for a wave
number ¢. During the time marching process, the
Rayleigh number is modified at each time step, until
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the perturbation temperature amplitude and the
values of the minimum Rayleigh number meet the
following convergence criteria for a dimensionless
specified streamwise position :

Z:":‘ - T.\./—:A{ <

; (25)

%€

N

for perturbation temperature amplitude, where T, is
the r.m.s. value of the temperature amplitude at time
t on a specified dimensionless streamwise position x,
and £ = 1 x 107°-5x 107" in the study, and

Ra,_,,+Ra, . »,—2Ra, >0 and

Rar—At > RCI, < Rar+Ar (26)

for the determination of the minimum Rayleigh num-
ber. By changing the wave number, one can determine
the smallest value among these minimum Rayleigh
numbers. The smallest value of these minimum Ray-
leigh numbers is the critical Rayleigh number Ra* and
the corresponding wave number is the critical wave
number a*. The specified streamwise position is the
onset position of the thermal instability.

The main objective of this study is to determine the
critical condition of the onset of thermal instability for
a specified streamwise position. The grid is uniform in
the normal direction and nonuniform in the stream-
wise direction to save computation time. A fine mesh
near the inlet region is employed to obtain better accu-
racy in the solution. Table | shows a typical result of
numerical experiments for Pe = 175. Dimensionless
time increments of 0.12x10 * and 0.16x10" 7,
initial Rayleigh numbers of 8.0x10* 1.6x10°
and 3.0 x 10°, initial perturbation temperatures of
1.0x 1077, 1.0x 107" and 1.0 x 10~ '" and grid sizes
of 80x23, 80x28 and 101x23 are used to per-
form the numerical calculations. One finds that the
difference in numerical results decreases as the
onset streamwise position moves downstream. For
example the results appear at x = 0.01 with a maxi-
mum difference of 2.0%, but the difference at
X 2 0.10 is less than 1%. Note that the magnitude
of the initial guessed perturbation temperature will
not affect the determination of critical conditions,

Table 1. Numerical experiments for Pe = 175

Ra*
Onset position (x*)

0.01 0.05 0.10
Typical calculationt 62718 8285 3545
At =0.12x10 * 63522 8362 3563
Ra" = 8.0 x 10* 62656 8171 3535
Ra® =3.0x10° 61333 8369 3548
0% =1.0x10"" 62718 8285 3545
" =1.0x10"" 62718 8285 3545
NIx NJ =101%x23 63317 8174 3516
NIx NJ = 80x28 63837 8372 3570

tAt=016x10"% Ra®=16%x10% 8"=1.0x10""°

NIx NJ =80x23.
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since linear perturbation equations are employed
in the present analysis.

5. RESULTS AND DISCUSSION

To begin with, the feasibility of the numerical
method proposed in this paper is confirmed by apply-
ing it to the conventional thermal instability in the
thermal entrance region of a horizontal parallel plate
channel, where the lower plate is heated isothermally,
i.e. @5 = ¢y = 0and ¢; = 1.0. The instability curves
were obtained and compared with the previous
studies. Figure 2 shows the critical Rayleigh number
Ra* marking the onset of instability along the stream-
wise direction. The previous theoretical and exper-
imental data are also plotted for comparison. The
theoretical prediction of ref. [3] is the first inves-
tigation of such a problem, and the critical condition
¢/éx =0 was used in this approach. Because infini-
tesimal disturbances are difficult to detect cxper-
imentally, the critical condition can be determined
only after the amplitudes of perturbation quantities
have grown large cnough to be detected. It is thus
understandable that the difference between the pre-
vious theoretical prediction [3] and the experimental
data [8-10, 12, 13] arc more than one order of mag-
nitude nearer the inlet region. On the other hand,
the present numerical results utilizing an instability
criterion ¢/t = 0 with ¢/¢x # 0 show a good agree-
ment with the existing experimental resuits {810, 12,
13]. The physical basis for this difference can be
explained by using Fig. 1(c). X-Dependent dis-
turbances which satisfy the boundary conditions
shown in equation (23) are cmployed in the present
study. The critical Rayleigh number Ra* at x, is deter-
mined by the criteria ¢/0f = 0 and ¢/éx # 0. In the
previous studies [3, 14, 18, 19] the critical condition is
determined at the upstream of x. by using the criterion
&/0x = 0 which uses x-independent disturbances. The
numerical procedure described here is therefore cap-
able of handling the prediction of the effect of asym-
metric heating on thermal instability.

T ]
<{ Hwang & Liu (8 3
oA ¢ ot & Otbaen, (9]
5 A et al. {10] —
- | ] & Incropera [12] —
L @ Chiu & Rosenberger [13]

Present study

T TTTTT]

Hl
'

N
T

FiG. 2. Critical condition marking the onset of thermal
instability for heating from below.
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Figure 3 presents six different heating configura-
tions for the horizontal parallel plate channel. In each
configuration, there are three constant boundary
temperatures, i.e. the lower plate temperature 77, the
upper plate temperature Ty, and the inlet temperature
T;. Three different temperatures T,,.., Tmia and T,
(Twox > Tmig > Twin) assigned to the highest, inter-
mediate and the lowest temperature of 7, T, and
T, for different arrangements yield the six different
heating configurations. In Fig. 3 for heating con-
figuration (A) there is no adverse temperature gradi-
ent in the flow field. The system is theoretically stable
and no secondary vortex flow occurs. For con-
figuration (B), an adverse temperature gradient exists
in the gravitational direction and the system presents
a theoretically unstable condition. If the Rayleigh
number is high enough, a secondary flow occurs some-
where in the region and grows downstream. For con-
figurations (C) and (D) the adverse temperature
gradients exist only near the lower plate and the upper
plate, respectively. For these configurations, the sys-
tem is potentially unstable near the lower or upper
plate. For configurations (E) and (F), the systems are
stable except for the small regions close to the inlet
where the adverse temperature gradients exist. For
configuration (E) with a sufficiently high Rayleigh
number, a secondary flow may occur near the lower
plate but will not extend too far from the inlet, and
will decay and eventually disappear downstream. A
similar phenomenon appears for configuration (F)
except that the secondary flow will occur near the
upper plate. Hereinafter the dimensional basic flow
temperature T, is changed to a dimensionless form ¢,

2213

by the transformation of ¢y = (T,— Tmin)/AT.
Temperatures of the upper plate, lower plate
and inlet region are denoted by ¢§, ¢f and ¢,
respectively.

The profiles of the perturbation amplitude quan-
tities u, v, w and 0 on the x—y plane for a typical case
of configuration (B) are shown in Fig. 4. These
data are obtained at the final time step for Pr = 0.7,
Pe — oo and the onset position at x = 0.05. These
shapes of the v and w profiles may be explained via the
circulation pattern shown in Fig. 1 while the u profile
may be explained in light of the ¢ profile which drives
low momentum fluid away from the lower plate and
high momentum fluid toward the upper plate. It
should be noted that these results correspond to the
perturbation amplitude quantities only, while the
actual value of the perturbation quantities as a func-
tion of z will be derived from equation (16). Since the
basic flow with adverse temperature gradient in the
gravitational direction induces an upward motion as
a result of the buoyancy force, the perturbation quan-
tity v is always positive. It is seen that these per-
turbation amplitude quantities are very small near the
inlet, gradually increase along the streamwise direc-
tion, and become fully developed after a certain
streamwise distance.

The profiles of perturbation amplitudes for con-
figuration (C) on the same onset position and Pr
are shown in Fig. 5. These perturbation amplitude
quantities increase from the inlet region along the
streamwise direction. After reaching maximum ampli-
tudes, the perturbation quantities decrease gradually
along the downstream direction, and then all of them

@) @)

® Ty2T2T, @ ff @ Stable

(&) ()
o ([N ) ooy
® T,2T,>Ty )) L)
S (A0 —
® T, >Te2T, “m | Stable

Beasic Flow Temperature Profile

Onset of Secondary Flow

F1G. 3. Basic temperature profiles and various heating configurations.
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FiG. 4. Perturbation amplitude profiles for configuration (B).

reach the fully developed values. Since the upper plate
is also heated, the adverse temperature gradient near
the lower plate is not so strong as to increase these
amplitudes continuously for this configuration.

In Fig. 6, a case for configuration (E) is presented.
The perturbation amplitude quantities initially in-
crease along the streamwise direction. After reaching

maximum values, these perturbation quantities de-
crease rapidly and eventually disappear downstream.
This is because no adverse temperature gradient is
present downstream of the onset position of insta-
bility. Lacking the support of buoyancy force, the
secondary flow is suppressed. The vortex rolls cxist
only in part of the entrance region.

V)
u at z=7/2a
1.0 :>
L1
o s O W Wy G s Wy I gy iy
e o]l |
0.0 -
| v at z=7/2a
1.0
0.0 -
] w at z=0
1.0
0.0 D D
1.0l 0 at z=m/2a
NN
00 P _
"0.00 0.05 0.10 0.15 0.20 X

1_ — U_
$5=0.0, ¢=1.0, ¢;=0.4
(x=0.05, Pr=0.7, Pe—=)

FiG. 5. Perturbation amplitude profiles for configuration (C).
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F1G. 6. Perturbation amplitude profiles for configuration (E).

Figure 7(a) shows the critical Rayleigh number Ra* 10° T T I T3
vs the dimensionless streamwise coordinate for the °°=gi 06 Pr=0.7 3
case corresponding to configuration (B) in Fig. 3. In 8 _— 02, 08 70 -mmemmoee ]
this figure, the case ¢f > ¢f > ¢y is considered for P =10, 63=00 |

Pr =0.7and 7.0. It is shown that as ¢} increases from
0.0 to 0.5, the critical Rayleigh number for a fixed x
increases gradually. For the case of ¢y = 0.5, the
equally-valued adverse temperature gradients near the
lower and upper plates give the highest Ra* in com-
parison with that for the other unequally-valued tem-
perature gradients. It is indicated that the increasing
inlet temperature from 0.0 to 0.5 has a stabilizing
effect on the flow. This effect is more pronounced
upstream than that downstream. Since they have the
same adverse temperature gradients, the critical con-
ditions are identical for the cases ¢} = 0.0 and 1.0.
The same reason applies to the cases of ¢ = 0.2, 0.8
and 0.4, 0.6. It is seen in equations (18)—(20) that for
fixed Pe and x, the streamwise direction inertia force,
which suppresses the thermal instability, increases with
the decrease in the Prandtl number, therefore, the
increased stability of low Prandtl number flow is
shown in Fig. 7(a).

Figure 7(b) shows the corresponding critical wave
number a* vs the dimensionless streamwise coor-
dinate. The critical wave numbers decrease mono-
tonically in the streamwise direction and all converge
to the same limiting value. For a given Pr the case
with a higher Ra* has a smaller wave number than
that of the lower Ra*. This means that there are more
vortex rolls for a more unstable flow. For a fixed x
and Pr, the curve for ¢} = 0.5 shows the smallest a*
or largest wavelength 4 among the curves for
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T T 7 TTT7 T
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F1G. 7. (a) Ra* vs x for configuration (B). (b) a* vs x for
configuration (B).
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FIG. 8. (a) Ra* vs x for configurations (C) and (D). (b) «*
vs x for configurations (C) and (D).

¢y = 0.0-1.0. The equally-valued temperature gradi-
ents near the lower and upper plates for the case of
¢4 = 0.5 allow the occupancy of the vortex rolls in the
whole channel height. Because the cross-section of the
vortex is nearly square, this gives the largest wave-
length or the smallest wave number. For an increasing
Pr, the wave number is decreased due to an increasing
vortex size caused by the viscous force.

Figure 8(a) presents the critical conditions for con-
figurations (C) and (D). The heating condition of
configuration (D) is indicated in parentheses. Because
they have the same adverse temperature gradient, the
critical conditions are identical except that the sec-
ondary flow occurs near the lower plate or the upper
plate. The heating of the upper plate in configuration
(C) indicated by the values of ¢§ = 0.0-0.6 shows no
effect on Ra* in the region near the inlet, but presents
alarger effect in the downstream direction. The critical
Rayleigh number increases with an increase in ¢y
It is also secen that the critical Rayleigh number is
decreased with an increase in Pr due to a relatively
large viscous force. For ¢ = 0.6 the region down-
stream of the streamwise dimensionless positions
x=0.20for Pr=0.7and x = 0.15 for Pr = 7.0, there
is not enough buoyancy force to support the onset of
secondary flow duec to strong thermal stratification.
Figure 8(b) presents the corresponding critical wave
numbers a* vs the dimensionless streamwise coor-
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Fi16. 9. (a) Ra* vs x for configurations (E) and (F). (b) a*
vs x for configurations (E) and (F).

dinate. It also shows that the critical wave number
decreases monotonically along the streamwise direc-
tion. An increase in the upper plate heating will sup-
press the growth of vortex rolls near the upper plate.
The corresponding wavelength decreases and the
wave number increases as ¢f increases.

Because the same adverse temperature gradient
exists near the lower and upper plates, configurations
(E) and (F) show the same critical conditions, Fig.
9(a) depicts these results. The heating condition of
configuration (F) is presented in parentheses. In con-
figuration {E) the upper plate thermal stratification is
stronger than the lower plate thermal destabilization.
There is no occurrence of secondary flow due to a
thermally stable situation in some of the flow field.
An increase in the lower plate heating will decrease
the critical Rayleigh number. It is seen that a larger
Pr also shows a smaller Ra* in this configuration.

The corresponding critical wave number a* vs the
dimensionless streamwise coordinate for configura-
tions (E) and (F) are presented in Fig. 9(b). It shows
a quite different behaviour as compared with that
shown in Figs. 7(b) and 8(b). Curves for ¢5 = 0.6,
0.8 and 1.0 decrease monotonically with an increase
in x. For the other curves, a different trend is ob-
served. The curves for ¢5 = 0.3 and 1.0 are selected
as typical examples to explain the different bchav-
iours of the critical wave numbers. In configuration
(E). the strongest upper plate heating exists. Due to
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the basic temperature distribution the height of the
region of adverse temperature gradient is lower for
the case of ¢§ = 0.3 than that for ¢; = 1.0. Therefore,
the critical wave number is higher for ¢§ = 0.3 at
x> 0.025. When x decreases, the thickness of the
thermal boundary layer near the lower plate decreases,
and then the critical wave number increases for
¢k = 1.0. For the thermal boundary condition of
¢% = 0.3, the upper plate heating is relatively stronger
than the lower plate heating. The destabilizing effect
of axial convection terms ¢,(66/0x)-+u{0dy/0x)
shown in equation (21) enlarges the unstable region
and gives a lower a* for ¢f = 0.3 than that for
¢5 = 1.0 near x = 0.01. In the region near x = 0.02,
the destabilizing effect diminishes rapidly, and shows
a rapid change of a*.

6. CONCLUDING REMARKS

(1) In the present study, the lower plate, upper
plate and inlet are subjected to three different constant
temperatures. The heating of the upper plate causes a
thermal stratification, but the heating of the lower
plate introduces a thermal destabilization. Three
representative unstable heating configurations are
selected among the six heating conditions.

(2) The present numerical results utilizing an insta-
bility criterion &/0t = 0 with 8/0x # 0 show good
agreement with the existing experimental results. The
criterion 8/6t = 0 with 8/0x # 0 determines the neu-
tral stability condition of a growing disturbance in
comparison with the criterion d/dx = 0 which deter-
mines the critical condition upstream of the growing
disturbances. The numerical procedure described here
is therefore capable of handling the prediction of the
effect of asymmetric heating on thermal instability.

(3) There are different behaviours for the onset of
the disturbances for the three representative unstable
heating configurations. Variations of the critical Ray-
leigh number and wave number are summarized in
Table 2. The variations of critical wave number for
configurations (E) and (F) are complicated. The
details are described in Fig. 9(b).

Table 2. Variations of Ra* and a* for x, Pr and heating

condition
Heating
Configuration xincreases Princreases conditiont
Ra* Decreases Decreases Increases
B *
a* Decreases Decreases Decreases
Ra* Decreases Decreases  Increases
(@D *
a* Decreases Decreases  Increases
Ra* Decreases Decreases  Decreases
E(F) + + +
a + i +
B, oF =10, ¢§ =00, ¢)=00-05 1005; C,

oF = 1.0, 95 = 0.0, ¢ =0.0-0.6; D, ¢} = 1.0, #§ = 0.0,
¢ = 1.0-04; E, ¢ =10, ¢ =00, ¢} =02-1.0; F,
b= 1.0, ¢ = 0.0, ¢§ = 0.8-0.0.
1 Details are shown in Fig. 9(b).
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EFFET DU CHAUFFAGE ASYMETRIQUE SUR L’APPARITION DE L’INSTABILITE
DANS LA REGION D’ENTREE THERMIQUE D’UN CANAL ENTRE PLANS PARALLELES

Résumé—On présente une analyse linéaire dépendante du temps sur [apparition de I'instabilité d’un
écoulement laminaire pleinement établi dans la région d’entrée thermique d’un canal entre plans hori-
zontaux paralléles chauffés asymétriquement, avec le plan inférieur, le plan supérieur ct P'entrée a trois
temperatures constantes et différentes. Le chauffage du plan supérieur cause une stratification thermique,
mais le chauffage de la plaque inférieure introduit une destabilisation thermique. Avec les trois températures
differentes, six configurations de chauffage sont analysées et on montre seulement trois configurations de
chauffage instables représentatives. Un critere /07 = Qavec &/0x # 0, pout la détermination de la condition
critique dapparition des rouleaux de tourbillons longitudinaux, donne des résultats qui s’accordent mieux
avec les données expérimentales existantes en comparaison avec le critére 6/éx = 0 utilisé précédemment.
Les nombres de Rayleigh critiques et les nombres d’onde critiques correspondants pour les trois con-
figurations instables sont présentés avec Pr = 0,7 et 7,0.

DER EINFLUSS ASYMMETRISCHER BEHEIZUNG AUF DAS EINSETZEN DER
THERMISCHEN INSTABILITAT IM EINTRITTSBEREICH EINES KANALS AUS
PARALLELEN PLATTEN

Zusammenfassung—Es wird eine zeitabhingige lineare Analyse Giber das Einsetzen der thermischen Insta-
bilitdt in einer voll ausgebildeten laminaren Strémung im Eintrittsbereich eines asymmetgisch beheizten
Kanals aus waagerechten parallelen Platten vorgestellt. Die untere Platte, die obere Platte und das Ein-
trittsgebiet befinden sich auf einer jeweils unterschiedlichen konstanten Temperatur. Die Beheizung der
oberen Platte bewirkt eine thermische Schichtung, wogegen die Beheizung der unteren Platte eine thermische
Destabilisierung hervorruft. Mit den drei unterschiedlichen Platten- und EinlaBtemperaturen werden sechs
Heizungsanordnungen fiir den waagerechten Kanal untersucht, wobei sich nur drei der Anordnungen als
instabil erweisen. Es wird ein Kriterium fiir das Einsetzen von Lédngswirbeln angegeben (8/0r = 0 bei
8/dx # (). Die damit gefundenen Ergebnisse stimmen gut mit vorhandenen Versuchsdaten iiberein.
AbschlieBend wird die kritische Rayleigh-Zah! und die entsprechende kritische Wellenzahl fir die drei
instabilen Heizungsanordnungen fiir Pr = 0,7 und 7,0 vorgestellt.

BJIMAHUE ACUMMETPHYHOI'O HAI'PEBA HA BO3HMKHOBEHMWE TEILJIOBON
HEYCTOMYMBOCTH HA HAYAJILHOM TEILJIOBOM YUYACTKE
TUIOCKOMNAPAJUIENBHOI'O KAHAJIA

Anmnoranms—/{ag HecTauMOHapHbIH THRCHEBIL aHANH3 BO3HHKHOBCHHA TCIUIOBOH HCYCTOHYUBOCTH MON-
HOCTBHIO PA3BHTOrO JIAMHHAPHOrO TEYEHHS BO BXOXHOM oONACTH ACHMMETPHHHO HATPEBAEMOTO FOPH-
30HTAJILHOIO IJIOCKONIAPAJUIENIbHOIO KaHala, B KOTOPOM BXOOHOM YYACTOK, BEPXHSA H HHXKHAA CTEHKH
NOAEPXHBAIOTCA NIPH TPEX Pa3/MYHbIX MOCTONHHBIX TemnepaTypax. Harpes BepXxHell CTEHKH BBI3bIBAET
TEMJIOBYIO CTPaTHOHUKALHNIO, B TO BpeMs KaK HArpeB HIDKHEH NPHBOAMT K TEMJIOBOH HEYCTOHYMBOCTH.
Tlpu Tpex pasiauyHbIX TEMNEpaTypax BXOJHOIO YHACTKA, & TAKXKE BEpXHeH M HUKHEH CTEHOK aHAIU3M-
pY!OTCH IIeCTs KOHQHTypanmil HarpeBa Kanajia H NOKalaHo, YTO TOJILKO TPH H3 HHX XapakTepH3yIOTCHA
HeyCcTOHYnBbIM pexumom. [IpH KPHTHYECKHX YCIIOBHAX BO3HHKHOBEHHS NPOMOIBLHBIX BAXPEBHIX BAJIOB B
suge J/0t = 0 n 6/0x # 0 DoNyYcHbI pe3yibTaThl, KOTOPBIE JYYIHE COIJIACYIOTCH € HMEIOIMMHCH 3KCTiE-
PUMEHTANILHBIMA JAHHBIMH 110 CPABHCHMIO C HCIHONB3YEMbIM paHee npubGmmkenuem d/6x = 0. Ilpu-
BOJATCH KPHTHYECKHE 4YHMCHa Pajles W COOTBETCTBYIOLUME BOJIHOBBIE 4HCJIA [N TpeX KOHUIypauuii
HEYCTOH4YMBOTO pexuma npu Pr = 0,7u 7,0.



